Dinamika konstrukcija

Primeri

Novi Sad, 2026. godina



Primer 1. Slobodne neprigusene vibracije I .

Podaci (kretanje mase samo u vertikalnom pravcu; 1 stepen slobode kretanja):

E,,==30-10° L:=3 b:=0.3 d:=0.6 m:=20 vy:=0.5 Yo:=0.01
Fleksibilnost i krutost dinami¢kog modela: =i
3
=29 _5.400-10" 3
15
3
§=— L —5556.107 k=L —1.800-10"
3.E, I B)
. v . . ] . il 2.
Svojstvena kruzna frekvencija: cu::\/ﬁ =30.00 Period svojstvenih vibracija: T =27 _0.209
m w
Svojstvena frekvencija: f ::%:4.775 Tehnicka frekvencija: n:=60.f=286.479
(%
Jednacina kretanja:  y(t) i=—2 .sin (wet)+yg-cos(w-t)
w

Grafik: tpocetak =0 tkomk :=0.001 tkraj =1.0 topseg = tpocetak ’ tkomk . tkraj
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Yy <topseg>

—0.01

—0.02
—0.02

topseg
_—
opseg:=vec (topseg> nizVrednosti:=y (vec (topseg>> max (nizVrednosti) =0.01944
solve, min (nierednosti) =-0.01944
assume ,0<t<0.1
d float ,6
tegri=—1y(t)=0 0.0343459  Yopy =Y (tegr) =0.01944
dt
2
. . Uy 2 . Yoo w
Amplituda pomeranja: C:=A/|—| +y,” =0.01944 Fazna razlika: a:=atan =0.540
w Vo

Trenutak dostizanja prve amplitude: t,,,. ;:= 2 +2L =0.03435
- w * W

Amplituda pomeranja: y,,,q,:=C +sin (w+ 1,4, ; + ) =0.01944



Numericka integracija (Matlab)

u(t) - NEWMARK (a=const)

Vrednosti(s)

m = 20.00000 [t]
18000.00000 [kKN/m]
= 0.00000 [tfs]

ceta = 0.00000

ul = 0.01000 [m]

v0 = 0.50000 [m/Ss]

b
Il

w = 30.00000 [rad/s]
T 0.20944 [s]

umax=0.0194362555[m]
umin=-0.0194365047 [m]

(u t=0.87200[s])
(u t=0.55800[s])

vmax=0.5330923026[m/3]
vmin=-0.5830935963 [m/=]

(u t=0.40100[=])
{u t=0.71500[s])

amax=1T7.4928542529[m/=s/=]
amin=-17.4%26299893 [m/5/58]

(u t=0.55800([=])
{u t=0.87200[=])
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—r10°
m*a + k*u = -0.00000 s
i 1| —m*a + ku
- i -
m*a = -194.25048 :
u*10° = 4©10.79169
- >
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Primer 2. Slobodne prigusene vibracije I .

Podaci (kretanje mase samo u vertikalnom pravcu; 1 stepen slobode kretanja):
E,,:=30.10° L:=3 b:=0.3 d:=0.6 m:=20 V:=0.5 Yo:=0.01

1)¢,:=60  2)c,:=1440

Fleksibilnost i krutost dinami¢kog modela: P=1
3
=29 _5.400.10" ' 3
| 13
3
ji=— L 5556-107 k=L —1.800-10"
3-E,,-I )
. v ) . ] IR il 2.
Svojstvena kruzna frekvencija: w::”ﬁ =30.00 Period svojstvenih vibracija: T =27 _0.209
m w

1) Analizaza ¢,=60.00
c €
Koeficijent prigudenja:  &,:=——— Relativno prigusenje: ¢,:=—-=0.05 < 1.0
2.m nd podkriticno prigusenje
Kruzna frekvencija prigusenih vibracija: wy=we\1-¢,° =29.962

. NI .. 2.
Period prigusenih vibracija: T,;:= T ~0.210
Wy
.. . et [VoTE1°Yy
Jednalina kretanja:  y, (t):=e """+ | ————+sin (wy+ ) + Yo+ cos (wy- 1)
Wq

Grafik: tpocetak =0 tkorak :=0.001 tkraj =3 topseg = tpocetak ) tkorak .. tk:raj
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topseg

opseg:=vec (topseg> nizVrednosti, :=y, (opseg i max (nierednosti1> =0.01890
min (nierednosti1> =-0.01615
C = \/

2
Yo wWq

Vo+E1°Yp

VotE1°Yp

+1,° =0.01989  Fazna razlika: a:= atan( ]:0.52693

Wy



Trenutak dostizanja prve amplitude: t,,,, ;= 24T

wd 2'wd

=0.03484

Ymazi=C » €™ et esin (W e by, 1 + ) =0.01887
C. 8761 *bnaz 1 — 0.01887 sin <wd . tmaa:_l + Oé> =1.000

2) Analizaza ¢,=1440.00

c € " 1 .
2 =36.00 ¢y :=—2=1.20 > 1.0 nadkriti¢no prigusenje

2.m w
3 —v0+y0-w-<—§’2+ \/Cz2 —1>

v+ Y -w-(C +1/¢° —1
A= O 21 V]2 >:0.0266 B:i= —=_0.0166

2.we\/C2 —1 2.w\/¢2 —1

52::

—C2+V(22—1>-w-t —(C2+\/(227—1)-w-t

Jednacina kretanja:  y,(t):=A- e( +B-e

Grafik: tkmjj =0.5 topsegj = tpocetak ) tkomk I tkmjj
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opseg_2

-

opsegsy:=vec <topseg> nizVrednostiy =y, <opseg2> max <m’erednosti2) =0.01385
solve . t min (nierednosti2) =0.00000
assume ,0<t<0.05
d float ,6
tot ::ng(t) =0 0.0194325 Yo cqt =Yz (tegr) =0.01386



Numericka integracija (Matlab)

1) Analizaza ¢,=60.00 ¢;,=0.05
u(t) - NEWMARK (a=const)
0.02 . max=0.018897
(0.033) u(t)
0.015
0.01 %+
0.005 |~
E ot
=
-0.005
-0.01 -
-0.015 min=-0.016147
(0.138)
002 ! L ! \ ! |
0 05 1 1.5 2 25 3

m*a = -174.45162

m*a + c*v + k*u = -0.00000

u*10° = #11.16278
»

t[s]

— u*103

m*a
cly
)

m*a + c*v +k'u

k*u = +200.92997

_ t=0.06500 s

-300 -200 -100 0
Vrednosti(s)

100

200 300

m = 20.00000 [t]

k = 13000.00000 [kKN/m]
c = €0.00000 [t/=]
ceta = 0.05000

ut = 0.01000 [m]

v0 = 0.50000 [m/s]

w = 30.00000 [rad/s]
T = 0.20944 [s]
wd = 29.96248 [rad/s]
Td = 0.20970 [s]

umax=0.0188965343 [m]
umin=-0.0161470719 [m]

(u £=0.03300 [s])
(u t=0.13800 [s])

wvmax=0.5000000000 [m/=s]
vmin=-0.5253499773 [m/s]

(u t=0.00000 [s])
(u £=0.08400 [s])

amax=14.6047028379 [m/s/s]
amin=-17.0922734967 [m/s/s]

(u £=0.13500 [s])
(u ©=0.03000 [s])



2) Analiza za ¢,=1440.00

max=0.013855

(,=1.20

u(t) - NEWMARK (a=const)

0.014
.019) o0
0.012
0.01
__0.008
E
=1
0.006
0.004
0.002
0 I | | °min=0.000008
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5(0.500)
t[s]
m = 20.00000 [t]
_”m‘jaoa k = 18000.00000 [kN/m]
| m*a + ¢*v + k*u = -0.00000 v c = 1440.00000 [t/s]
: _k‘:l L ceta = 1.20000
; e ETvitkid ul = 0.01000 [m]
| 1 K'u = 4220.93515 v0 = 0.50000 [mfs]
umax=0.0138553276[m] (u t=0.01900[=])
L ! > umin=0.0000084882[m] (u t=0.50000[s])
m*a = -542.32843 | vmax=0.5000000000 [m/=] (u t=0.00000[=])
L < : vmin=-0.1348527197[m/s] (u t=0.05100[s])
u*10° = +12.77417 amax=1.3125067102[m/s/s] (u t=0.08200[=])
F | 2 amin=-45.0000000000[m/=s/=] (u t=0.00000[=])
‘ | | ‘ ; | ‘ t =0.00800 s
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Vrednosti(s)



Primer 3. Prinudne prigusene vibracije. Harmonijska sila
Sistem sa jednim stepenom slobode.

Podaci: k:=3733.7 m:=4.0775 ¢:=0.03 Fy:=15 p:=26.18

. 2.
w::\/£:30.26 7= 02076 wy=w-\1—C> =30.25  Ty=22T—0.2077
m

w Wy

F
n=L=087 ~2=0.0040
w k

F
A= ! =3.804 N ::70-)\:0.0156 F(t):=F,-sin(p-t)

\/<1—772>2+4'C2"'72 p

Q.C.n
1—7]2

ng::atan( )20.2035 >0 p:=¢,

+Cowe
ytmnsient?a<tay0700> ::e_c.w.t‘ w-sin(wd-t>+yo'cos<wd.t>

Wy

t)=e ¥ (N, -sin(—¢) cos (wyet) J
P

ytransient_b

+f_:.(c.w.sin(—cp)+p-cos(—go))-Sin<wd-t>

ytTansient_ukupno <t s Yo vO) = yt'ransient_a <t s Yo UO) — ytransient_b (t)

ysteady_state_a (t) ::Np -sin (p «t— 90)

F 1 .
ysteadyfstateﬁb(t) ::?0' <1_n2>2 +4-C2 -172 ° <<1_n2> 'Sll’l(p-t)—2'C-7’]-COS(p't)>




1) Analiza za: y, ,:=0

ytransient_a_l (t) = ytmnsient_a (t ’ yO_l ’ UO_l)

Grafik:
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opseg:=vec (topse g> nizVrednostiy := Ygeady state_a (opse g)
max <nizV7‘ednosti1> =0.01564 min <nierednostil> =-—0.01564 N,=0.01564

Y1 (t) = ytransient?ukupnofl (t) + ysteadyfstate,a (t)
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Odnos smera sile i pomeranja
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Numericka integracija (Matlab)

u(t) - NEWMARK (a=const)

0.03
5 max=0.022278 u(t)
0.02 (0.787)
0.01
E
= 0
-
-0.01
-0.02 min=-0.022526
(0.673)
-003 | | | | | | | | |
0 0.5 1 15 s 2.5 3 3.5 4 45
t[s]
5 g 5 — 10
m*a + ¢*v + k*u - F = +0.00000 "
L b m*a
1 c'v
1 *
F2+9.13118 -
: m*a+c'v+k'u-F
1
! kK'u= +g.15196
[ 1
|
<
1
1
m*a = -52.00096 :
1
1
u*10° = +16.37838
- —p
I 1 1 I I I I 1 1 1 £=0.33500 s
-100 -80 -60 40 -20 0 20 40 60 80 100
Vrednosti(s)
m = 4.07750 [t]
k = 3733.70000 [EN/m]
ceta = 0.03000
c = 7.40317 [t/s]
ud = 0.00000 [m]
v0 = 0.00000 [m/s]
Amplituda sile FO = 15.00 [kN]
KruZna frekvencija sile p = 26.18 [rad/s]
Period sile p = 0.24 [s]
w = 30.26026 [rad/s]
T = 0.20764 [s]
wd = 30.24664 [rad/s]
Id = 0.20773 [s]
umax=0.022277699% [m] (u t=0.78700[=])
umin=-0.0225255854[m] (u t=0.67300[s5])
vmax=0.6188T46957 [m/s] (u t=0.73000[s])
vmin=-0.6139956564[m/s] (u t=0.61T00[s])
amax=17.1656600825[m/s/s] (u t=0.67300([s])
amin=-16.7899626740[m/s/s] (u t=0.78600[s])
Dinamidki koeficijent lambda = 3.89411
Extremno pomeranje od F(t) u ext = lambda * u stat_Po = 0.01564 [m]
Extremno pomeranje od F(t) - numeridka integracija (posle 3s) u ext = 0.01606 [m]
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2) Analiza za: y, ,:=0.03

ytmnsient_a_2 (t) = ytmnsient_a <t ’ y0_2 ’ U0_2>

Grafik:
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Yo (t) = ytransient_ukupno_2 (t) + ysteady_state_a (t)
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max <m'zV7‘ednosti3> =0.03424 min <nierednosti3> =-0.02744 N,=0.01564

Odnos smera sile i pomeranja
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Numericka integracija (Matlab)

u(t) - NEWMARK (a=const)

0.04 I~ max=0.034239
(0.017)
0.02
E or
-
-0.02 -
A min=-0.027453
(1.147)
-0.04 | | | | | | | | |
0 0.5 1 1.5 2 25 3 3.5 4 4.5
t[s]
m*a + c*v + k*y - F = +0.00000 i
i Eb c*v
F =48.81617 —
| :_’ m*a+c'v+k'u-F
K'u = +32.05021
i !
m*a = -83.96142
fea “ :
u*10° = +24.89493
- —
I I I I I | t=0.81600 s
-150 -100 -50 0 50 100 150

Vrednosti(s)

m = 4.07750 [t]
k = 3733.70000 [kN/m]
ceta = 0.03000

c = 7.40317 [t/s]

ul = 0.03000 [m]

v0 = 0.50000 [m/s]

Amplituda sile FO = 15.00 [kN]
KruZna frekvencija sile p = 26.18 [rad/s]
Period sile p = 0.24 [s]

w = 30.26026 [rad/s]
T = 0.20764 [s]
wD = 30.24664 [rad/s]
TD = 0.20773 [s]

umax=0.0342392687[m] (u ©=0.01700[s])
umin=-0.0274526294[m] (u t=1.14700[s])

vmax=0.7856710125 [m/s] (u t=0.33000[s])
vmin=-0.8834€93564[m/s] (u t=0.06700[s])

amax=23.0798881507[m/s/s] (u t=0.11600[s])
amin=-30.1596827193[m/s/s] (u t£=0.01100[s])

Dinamicki koeficijent lambda = 3.85411

Extremno pomeranje od F(t) u ext = lambda * u stat_Po = 0.01564[m]
Extremno pomeranje od F(t) - numericka integracija (posle 3s) u ext = 0.01638[m]
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Primer 4. Prinudne prigusene vibracije. Harmonijska sila

Na sredini proste grede nalazi se masina mase 2000 kg pri ¢ijem radu se javlja harmonijska sila. Broj
obrtaja masine je 560 u minuti. Amplituda prinudne sile masine je jednaka njenoj petini tezine.
Homogeni pocetni uslovi. Analizirati dejstvo harmonijske sile u vertikalnom pravcu.

Odrediti ekstremne vrednosti za ugib, moment savijanja i hormalni napon.

Podaci: E=210 GPa, L=5 m, Z=0,03, popretni presek IPE 270 (A=45,9 cm’, 1=5790 cm’, W=429 cm’,
Mgrede=36,1 kg/m).

Dinamicki model

Masa modela je koncentrisana u ¢vor u sredini raspona, tj. na mestu gde se nalazi masina. Ukupna
masa je zbir mase masine i polovine mase grede. Jedan stepen slobode pomeranja mase u vertikalnom
pravcu.

lF{t}:Fgﬁin{pt}

£ @ —
M yqe=36.1 M, q4me:=2000.0 L:=5.0 Em:=210-10° I:=5790-107"

L 48-Em-T k
152 | Moo+ Mingeine |10 =2.09 k::Li;n:4669.06 w::”E:M'%

2. 2.
T:=2"_0.1329 ¢:=0.03 wymwe\1-¢> =47.24  Ty=—""

w Wy

=0.1330

Analiza ustaljenog odgovora

1
Ar(n,C)::
V(a—n2)? +4.¢? on?

.9.81-10°=3.924

2.
n:=560 pi=n+— L —58.64 ni=L =124
60 w

masine

1
A=\ (n,¢)=1.84 FO::E-M
- Ekstremne vrednosti - ugib
G F
G:=m-9.81=20.51 vy, ¢ = 0.00439 Yat_roi == 0.00084  Yyin pi=A+Yg mo=0.00154

Ymaz = ystﬁG + ydinﬁF: 0.00593 Ymin = yst?G - ydinﬁF =0.00285

- Ekstremne vrednosti - moment savijanja

G-L Fo‘L

M t G ::T:25.63 M8t7F0 =

S

:4.91 Mdi?’l?F::A.MSthO:g'O]‘

Mmaw =M o +Mdz'n_F: 34.64 Mmin:: st G _Mdin_F: 16.63
iF{t}=F.:.sin{pt}
iG )\.Mst_F():g'O]‘
- S e e
: W:
) MSt_,G )\.Mst_FUZQ'O]' Mdil‘l_, Fit)
M, ¢=25.63 Main, ukupno




- Ekstremne vrednosti - normalni napon

W :=429 1) u trenutku dostizanja Mmax 2) u trenutku dostizanja Mmin
Mmaw' 102 Mmin‘ 102
Omaz_1°= =8.07 Omaz 2 == — 3.88
Mmaw' 102 Mmin' 102
Omin 1= ——=-8.07 O min 2::——:—3,88
= W . W

opseg_n:=0,0.01..2.7

A
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3.00

1.50

¥ ; ; ; ' ; ; ; ; n ;
.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 2.25 2.50

v

U opseg_n 1_2.¢?

Analiza pomeranja samo usled harmonijske sile

2-C- F
goT::atan( C;7):—0.1371 <0 =g+ Np::A-%:0.00lEA F(t):=F,-sin(p-t)
1-n

Vo+CeweYy
Wy

Ytransient_a (tYo» Vo) =€ "' +sin (wy ) + 9o cos (wy+ 1)

Ytransient_b (t) = e—C i Np +sin (—QD) COS <wd . t) d
p
Wa

+

+ (¢ wesin(—p) +p-cos(—p))-sin (wy-t)

ytransient_uk:upno <t » Yo ’U0> i= ytransient_a <t »Yo > UO) — ytransient_b (t)

ysteady_state_a (t) ::Np -sin (p t— 90)

FO. 2 21 —— .<<1—n2>.sin(p-t)—2-C.n.cos(p.t)>
Bo(1=n®)" +4:¢" g

ysteady_state_b (t) i=



Yo:=0 Vg =
Ytransient_a_1 (t) *=Ytransient_a <t » Yo vO) Ytransient_ukupno_1 (t) = Yiransient_ukupno <t »Yo s UO>

Grafik: tpocetak =0 tkomk :=0.001 tk:mj =9 topseg = tpocetak ’ tkomk .. tk:'raj

A
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k 666
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v
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opseg

A
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—0.0014
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AR AR AR AR RO -
B
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:384‘:{; ysteady_state_b <topseg>
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opseg:=vec <t nizVrednostiy :=Ygeqady state a (opse g)

opseg>

max (nizVrednosti;) =0.00154 min (nizVrednosti;) =—0.00154  N,=0.00154
Y1 (t) = ytmnsient_ukupno_l (t) + ysteady_state_a (t)

A
0.0033
0.0028
0.0022
0.0017
0.0011

“Hlg,lllmllmntmnnmnmnmmnm I
B L R AT ——

—0.0011

—0.0017 ( ¢ >
~0.0022 ysteady_state_a opseg

—0.0028
—0.0033

opseg
nizVrednosti, =1y, (opseg i
max (m’erednosti2> =0.00279 min <m'erednosti2> =-0.00285 N,=0.00154
max (nizVrednostis) — N, abs (min (nizVrednosti,)) — N
( 2) =N 100=380.5 (min { 2D No 100-845
Ny Np
Odnos smera sile i smera pomeranja  tt;,,;:=0.3+1;,,;=1.50 tt =1t ocetaks thorak - tioraj
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3.20000
2.40000H
1.60000
0.80000 ‘
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Numericka integracija (Matlab) Pomeranje = transient + steady state (samo od harmonijske sile)

=3 s ]
3 X107 %=0.002782 u(t) - NEWMARK (a=const)
(0.294) u(t)
2 —
’
E o
=
1+
B ; A+ Yy o=0.00154
5 “;'“;'0'002841 | | ‘ | | | |
0 0-52) 1 15 2 25 35 4 45 5
t[s]
SAP2000 Pomeranje = transient + steady state (samo od harmonijske sile)
Z
*F(t)

B Display Plot Function Traces (DI-Harm5ila)

File
w10 -2 TIME Legend
3.
Ioint 3
24 Displacement LUZ
1.8
I Min is -2.777e-03
12 at 2.940e-01
Max is 2.841e-03
0.8 = at 2.350e-01
2,
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Dijagram M - steady state
(samo od harmonijske sile)

A‘M8t7F0 = 9-01

-8.9849

Dijagram M
G+(F(t) steady state)

M

S

M

S

t_G +A 'Mst_FO = 34.64
t G —>\ 'Mst_FO = 16.63

Dijagram M - transient + steady state
(samo od harmonijske sile)

-16.5812',

Dijagram M
G+(F(t) transient + steady state)

Resultant Moment

o 9 —— * ®
Resultant Moment
Moment M3 Moment M3
34.6166 KN-m 41.5401 KN-m
at25m at2sm
1?;;‘55 SR 9.0505 KN-m
SRR at25m



KOMENTAR 1.
Postavlja se zahtev da se extremi za ugib i normalni napon "smanje".
Resenje se trazi primenom "veceg" poprecnog preseka IPE 270 -> IPE 300.

M yege 2=42.2 I,:=8356.10"°
L 3 48-Em-1, ks
My =M yrede 2*—+Mpasine |+ 107°=2.11 ky:=———~=6738.28 Wy =4 |——=56.57
-2 L} ms
2 7T 2 2 *TT
Ty:= =0.1111 Wy 9 =wy\1—¢* =56.55 Ty 5= =0.1111 IPE270
e Wa_2 T,=0.1330
My=—-=1.04  Xy=A.(1,,()=10.30  IPE270
W2 A=1.84
Ekstremne vrednosti - ugib
G,
Goyi=my+9.81=20.65 Yt & 2 ::k—:0.00307
F, :
Yst Fo_2°= T =0.00058 Yain_F 27=A2*Yst_ro 2=0.00600
IPE 300: IPE 270:
ymaw_2 = yst_G_2 + ydin_F_2 =0.00906 Ymaz= 0.00593
ymin_? = yst_G_? — ydin_F_? =-0.00293 Ymin= 0.00285
18.00+
16.50+
15.001+
13.50+
12.00+
. IPE 300
10.50+
Ay =10.30 .MC)_‘
9.00+
7.50 >‘r <772 ’ C>
(.0 T ._._ ‘
600} A, (opseg_n ()
1
sool IPE 270
- A=1.84
1.50+
oo 0.25 0.5 0.75 1 1.25 1.5 1.75 2 2.25 2.5 g




Ekstremne vrednosti - moment savijanja

Gy L

MStﬁG?Q 3:T:25.82 Mst7F0:4'91 MdinvFJ = AQ’MSthO:5O‘51
IPE 300: Mma:c_2 ::Mst_G_2 +Mdin_F_2 =76.33 Mmin_2 ::Mst_G_2 _Mdin_F_2 =-—24.69
IPE 270: M, =34.64 M,,;, =16.63

Ekstremne vrednosti - normalni napon

IPE 300: W,:=557 1) u trenutku dostizanja Mmax
M, . o+10°

O ap 1 2= — e =13.70

2

IPE 270: 1) u trenutku dostizanja Mmax

O‘maz‘l = 8.07

o —8.07

min_1—

Zakljucak: ekstremi za ugib i normalni napon su se "povecali".

2) u trenutku dostizanja Mmin

M, in 5+ 107
Onmaz_ 2 2°= % =—4.43
2
M, ,+10°
O-m,in_2_2 = _L = 4.43

2
2) u trenutku dostizanja Mmin
T g 2= 3-88

T rmin2=—3.88

Numericka integracija (Matlab) Pomeranje = transient + steady state (samo od harmonijske sile)

u(t) - NEWMARK (a=const)

0.005 |- N nﬁ'aﬁ?oossﬁ WENRE
E
-0.005 - i | ru-iMO M H “ W )

-0.01 | | | | |



SAP2000 Pomeranje = transient + steady state (samo od harmonijske sile)

*F(t)

B Display Plot Function Traces (DI-Harm5ila)

File

D TIME Legend

T2

=]
guor

e I

-6 | |

A RN N R
3 36 42 48 54 6.

[
=

Dijagram M - steady state
(samo od harmonijske sile)

>\2 .MSt_F(): 50-51

Dijagram M
G+(F(t) steady state)

Mst_G_2 + )‘2 'Mst_FO =76.33
Mst_G_2 - )‘2 'Mst_FO =—-24.69

IPE 270: MSt_G+)\.MSt_F0:34’64
Mst_G — )\ 'Mst_FO = 16.63

Dijagram M - transient + steady state
(samo od harmonijske sile)

Dijagram M
G+(F(t) transient + steady state)




KOMENTAR 2.
Resenje se trazi primenom "joS veceg" poprecnog preseka IPE 300 -> IPE 400.

M yede 3:=66.3 I,:=23130.10"°
L 5 48-Em-1, ks
Mg3:=|Mgeqe 50—+ M,a5ine [ 1077 =217 ky:=——=18652.03 wgi=4[——=92.80
-2 L? my
2 7T 2 2 7T
Ty:= =0.0677 Wy gi=wz-\V1-¢" =92.76 Ty 3:= =0.0677
w3 Wa_3
N3=—-=0.63  Xgi=X,(15,() =1.66 IPE270: A=1.84 IPE300: \,=10.30
w3
Ekstremne vrednosti - ugib
G
G3 ::m3'9-81:21.25 ySt_G_S ::k—:0.00114
F, ;
Yst_Fo_3*= T =0.00021 Yain_F_3°=A3*Yst_ro_3=0.0003495
3
IPE 400: IPE 300: IPE 270:
Ymaz_ 3= Yst G_3 + Ydin_ F 3= 0.00149 Ymaz 2= 0.00906 Ymaz= 0.00593
Ymin_ 3 =Yst G 3~ Ydin_F 3= 0.00079 Ymin 2= —0.00293 Ymin= 0.00285
18.0+
16.5
15.0+
13.5
IPE 300 A (n,¢)
10.5 P— ey
9.0 )\2 =10.30 >‘r <772 ’ C)
. |
6.0 AT‘ <T’3 ) C)
|
1.
IPE 400 IPE 270
Y - (opseg_n,¢)
A3=1.66 A=184 I DDD-==========
1.5
"o 03 05 os 1o 13 1s  1s 20 28 25
1 Up’ UE; opseg_1 1—2.¢2
—t—( s = Y- T € _____
Ekstremne vrednosti - moment savijanja
G3 . L
My ¢ 3= =26.56 My po=4.91 M gy, p 3:=X3+ Mg po=8.15
IPE 400: Mmax_S ::Mst_G_3 +Md'm_F_3 =34.71 Mmin_S ::Mst_G_3 _Mdin_F_S =18.41
IPE 300: M,,,, »=76.33 M, i o=—24.69
IPE 270: M,,,.,=34.64 M, ;,=16.63

-10 -



Ekstremne vrednosti - normalni napon

IPE 400: W,:=1156 1) u trenutku dostizanja Mmax
M40 3+10°

Umaw_l_?; = S =3.00

3
Mmaa: 3° 102
Trnin 1 = =i ——==3.00
1 W,

IPE 300: 1) u trenutku dostizanja Mmax
O-mam_l_Z = 13-70
O-min_l_z = _13.70

IPE 270: 1) u trenutku dostizanja Mmax

O-maxAl = 8-07

O-minJ = —8.07

Zakljucak: ekstremi za ugib i normalni napon su se "smanjili".

Numericka integracija (Matlab) Pomeranje = transient + steady state (samo od harmonijske sile)

2) u trenutku dostizanja Mmin

M, 3+10°
o-maac_2_3 ::L: 1.59
3
M, 3+10°
O min_2 3= _% =-1.59
3

2) u trenutku dostizanja Mmin

o —4.43

max_2_2 =

g, in_2 2 = 4 .43

m

2) u trenutku dostizanja Mmin
Tz 2= 3-88

o —3.88

min_2

6 X 107 u(t) - NEWMARK (a=const)
o Max=0.000425 u(t)
411 1(0.246)
2
Eo
=
2 H
,4 —
min=-0.000511
g —(0.083), ! ! ! ! ! ! !
0 0.5 1 1.5 2 2.5 3:5 4 4.5

t [s]
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SAP2000

Pomeranje = transient + steady state (samo od harmonijske sile)

*F(t)
-
B Display Plet Function Traces (DI-HarmSila)
File
x10 & TIME Legend
7200
G00.
480

380, | |

240 I
120.] TN I I I “‘_Li

0. |
-120. I | I

| L1 LR EERALL |

guor

-360. | I | | |

| (475 6.592E-04 )

06 12 18 24 3. 36 42 48 54 6.
Dijagram M - steady state
(samo od harmonijske sile)
)\3.M8t_F0:8'15
~O [ T
IRI""} 2 ] b S
.,f]---;ﬂ#!‘ 4 T & [ I 9

Dijagram M
G+(F(t) steady state)

Mst_G_3 + )\3 'Mst_F() =34.71
Mst_G_3 - )‘3 'Mst_FO =18.41

T L @

IPE 400: M, ,=34.71 M, ,=18.41
IPE 300: M,,,, ,=76.33 M,,;, ,=—24.69
IPE 270: M, =34.64 M, =16.63
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Dijagram M - transient + steady state
(samo od harmonijske sile)

LT3

Dijagram M
G+(F(t) transient + steady state)




KOMENTAR 3.

Analizira se ravhomerno povecanje broj obrtaja ekscentricne mase od 0 obrt./min do maksimalnog
broja obrtaja nmax = 560 obrt./min koje traje tmax. Homogeni pocetni uslovi. Analizira se vertikalna
komponenta centrifugalne sile i modeli sa presecima IPE270 i IPE400.

Da bi se analiza uskladila sa harmonijskom silom pri maksimalnom broju obrtaja usvaja se masa m i
odreduje se ekscentricitet mase iz uslova da se postigne amplituda harmonijske sile pri maksimalnom
broju obrtaja

2.7

Period sile pri maksimalnom broju obrtaja: T ——=0.1071
p

sile *=
Usvajase:  t,,,,:=3.0 m,:=0.1

Ravnomerno promenljiv broj obrtaja (linearna promena broja obrtaja) prouzrokuje linearnu promenu
ugaone brzine mase (konstantno ubrzanje mase) u opsegu od 0 obrt./min do nmax = 560 obrt./min

nmam

Promena broja obrtaja:  n,,,,:=n=560.0 nn(t):= .t

tmaw

‘t Do =DP (tmas) = 58.643

. 2 . n
Ugaona brzina mase:  pp(t) ::6—(?' tm‘“”

max

Odredivanje ekscentriciteta r (centrifugalna sila pri pmax):

Maksimalno normalno ubrzanje:  a,, ua (Trac) *="rac * Prmas

solve ,r,,,.
Ti= Mg * Gy g (Trae) = Fo —————— 0.011410264418089289924

Normalno ubrzanje tokom promene broja obrtaja:

a, (t)=r-(pp(t))*
Centrifugalna sila tokom promene broja obrtaja:

F.(t):=m,-a,(t) kontrola (FO=Fc,max):  F

c_max "~ m

* @y, (tay) =3.924

e

Promena ugla ¢ (izvod po vremenu ugaone brzine: d¢/dt = p):
t

¢y (t):= f pp(t) dt — 9.773843811168245631 - t° b1 (timaz) =87-965
0

li
2 o TT nmaqj t2

¢o(t):= =1 — 9.7738438111682456308 + t* b3 (tmaz) =87-965
maxr

Vertikalna komponenta harmonijske sile tokom promene broja obrtaja:

float , 10 ) )
— 0.436-t* +sin (9.773843811 - t?)

Fy(£)=F, (t) - sin (5 (1))

Vertikalna komponenta harmonijske sile tokom maksimalnog broja obrtaja:

float , 10
— 3.924 - 5in (58.64306287 - t — 87.9645943)

Fyy (t) ::Fc_ma:v -sin <pmam a <t - tma:v) + ¢ <tmam>>

-13 -



N

to seg_I to seqg_IT
pseg. pseg

ceoOpseq =t ocetaks tkorak - - KOCfZaKrag « ty,..;

opsegVektor:=vec (ceoOpseg) vreme:= WRITETEXT (“vreme.txt” , opsegVek:tor)

a:= FI <vec <topseg_1>> b ::FH <vec <topseg_II>>

R:=WRITETEXT (“R.txt", a) := APPENDPRN (“R.txt",b)

max(a):3.71 max (b):3.92

-14 -



IPE270
Numericka integracija (Matlab) Pomeranje = transient + steady state (samo od harmonijske sile)

-3 - —
g x10 i max=o.0055ssu(t) NEWMARK (a=const)
(2.856) u(t)

4 -

2 L
E o
=

2+

A.yst F0:0'00154
4L —
Almin=-0.005521
-6 (2:793) : ! |
2 5 10 15

t [s]

SAP2000 Pomeranje = transient + steady state (samo od harmonijske sile)

‘_\I/ *F(t)

B Display Plot Function Traces (DI-PromenljivaHarmSila) *
File
xio -3 TIME Legend
0 |
| Joint 3
4.8 Displacement UZ
36
Min is -5.568e-03
2.4 at 2. 856e+00
Max is 5.521e-03
" ELIRIRLIARRRRR LAY ¢ |
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LR LT
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Numericka integracija (Matlab) Pomeranje = transient + steady state (samo od harmonijske sile)

IPE400

u(t) - NEWMARK (a=const)

max=0.000351

2+

15

10 Ag . ySt_FO 3= 0-0003495

t[s]

Pomeranje = transient + steady state (samo od harmonijske sile)

SAP2000

*F(t)

B Display Plot Function Traces (DI-PromenljivaHarmSila)

Legend

TIME

Displacement WUZ

Joint 3

08e-04

105 12 135 15

3 45 6 T3 9.

1.5
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Dijagram M = transient + steady state (samo od harmonijske sile)

SAP2000
*F(t)
& & NV "
IPE 270

A.Mst_FO = 9.01

\
8
\
322208
) i
L]

IPE 400

A?’ 'MSt—FO: 8.15

)
\
\
\
=\
\\
S
\\
: 1y
‘-\
8.1103
q
-
®
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Primer 5. Odgovor sistema usled zadatog akcelerograma

Za zadati sistem odrediti visinu pravougaonog poprec¢nog preseka iz uslova da je
T = 1.0 s. Zatim odrediti odgovor sistema usled zadatog akcelerograma (txt
datoteka prilozena uz primer) koji deluje u horizontalnom pravcu. Homogeni
pocetni uslovi. Analizirati samo moguénost kretanja mase u horizontalnom pravcu.
Karakteristike akcelerograma: interval zapisa 0.001 s i trajanje 20.0 s.

Podaci: L:=2.0 b:=0.3 Em:=30.10° m:=1.0 ¢:=0.05

Odredivanje visine poprecnog preseka:

Om

L b,d=?E

solve ,d,,. "
. float,10 [—0-0259851806+0.04500765304i
d,:= - =10—— 0.0519703612
o bed,, —0.0259851806 — 0.04500765304i |
12 Peff(t)
L’ "
m 08|
06
d:= dr1 =0.0519703612
3 04
3-Em-b1;l _, 02f
Krutost: k:=———=139.4784 g i
L} e
,02 L
Svojstvena kruzna frekvencija: w:=1 /ﬁ =6.283 B
nt 06
. ] 1. 1 2.7 0871
Period svojstvenih vibracija: T:=——=1.000 1
w .
t[s]
Numericka integracija (Matlab) SAP2000
0.05 - u-rel{t) -NEWMARK (a:const) 5 E bisplay Plot Function Traces (DI-Akc) ur
e File
0.03 jz 2
30-_: J U3
002 N ST FRT
o1l o NIRRT
z " LAt LU LR R RTATLL)
= T TVLHERAR AR AT ™
= o v UUHV MILEEE R
J 001f [
N i
-0.02 - g0 ¥ (19.62 , 4.280E-02 )
B T L L AN PR LT L1} oic
-0.03 -
-0.04 | "min=-0.042325 -
" (14.426)
-0.05 : ; : .
0 5 10 15 20

t[s]



v-rel [m]

a [m/s/s]

v [m/s]

v-rel(t) - NEWMARK (a=const) [ Display Plot Function Traces (DI-Ake)

03r v_r
v(t71 File
02t )“;10%.-3 TIME : Leger:\riII ..
240 . || i locit
| e o L
g4 = Ll LT TR A1
” L AN MU <
YR AT LTI ™
o - RN
-120. ¥ l 1 V l| U [ Ll u
-180. i
01 F M H H il J | (1816, 2110601}
H gl g g ! e el e ! s 2, ok )
02r
| ‘ rpin=-0.2885¢|1-1
3 5 10 1B 5
t[s]
9. a-apS(t) - NEWMARK (a=00n5t) E pisplay Piot Function Traces (DI-2kd) a_aps
a-aps(t) 243 L
1B (14.417) TIME Legend
1 H 16 " ﬂ :
| o IRV ENITAR
L ! al & i
o0 r S A AN AT AR U 8
" oY FIED AT
' (RIRTAEDEADY AR
08 “ i U] ¥ ¥
| :Z ll | (1753 ,1.93)
al | H e R e ==
il min=-1.764982
B ‘ ‘ (13.884)
0 5 10 15 20
t[s]
OE-;el(t) i v-pseudo(t) - NEWMARK (a=const) az-gps(t) i a-pseudo(t) - NEWMARK (a=const)
v-pseudo(t) 15F a-pseudo(t)
02r ‘
1 o
01 ﬂ
|‘ | - 05
0 I\M\ |' / ‘E. 0
g " 05 )
01 ¢
A+
02 i sl
B " —
"o 5 10 5.7 20 0 5 10 15 20
t [s] t[s]



SAP2000 Uy, = 0.04452 Uy im = —0.04233

Smaz =k Uy 10, =1.7576 Spnin =k * Uy pin=—1.6711

Dijagram M
M, =8, in s L=—3.3422

mn

M, i=S,0m L=3.5152

2
1 . T
! I
-3.2419 3.9152 Bt
‘ *
e -_1.7576 16711 )
1.7576 - J J ~, 16711
Krutost (zadato co=1)
~.39.4784
@® =
solve , F
F.L3 float ,6
i T =1 39.4784
| .
c}!\ 3+-Em-
= 12

39.4784 |



Primer 6. Spektar odgovora

Odrediti spektre odgovora Sq, Sy, Sa, Spv i Spa za zadati akcelerogram (txt datoteka priloZzena uz primer) i
prigusenje T = 0.05. Varirati periode svojstvenih vibracija od 0 s do 4 s (inkrement 0.1 s).

Karakteristike akcelerograma: interval zapisa 0.001 s i trajanje 20.0 s.

Numericka integracija (Matlab)

. Aksgles 281889
(4.604) -
o 05
@
E o
5
® 05
1 | | A Min=-0.97Y4918 | | ! | |
0 2 4 £7-679) 49 12 14 16 18 20
t[s]
01— Sd(T,¢)[m]
max=0.0871 SAT.0)
0.08 |-
£ 006
E
T0.04 -
0.02 -
0 | | | | | |
0 05 15 2 25 3 35 4
T[s]
04 Sv(T,{)[m/s]
' max=0.350047 SuT
720) (T.9)
_03F
0
E |
E 0.2
@
01 F
0 | | | | | |
0 05 1 15 2 25 3 35 4
T[s]



Sa(T)[m/s/s]

Spv(T)[m/s]

o

w

max=3.149696 Sa(T,()[m/s/s]

]

Spa(T)[m/s/s]

o

o

Sv(T) i Spv(T) [m/s]

i (03p0) Sa(T.0
| | | | | | | —
0 0.5 1 1.5 2 25 3 35 4
T[s]
Spv(T,¢)[mis]
| max=0.301684
0.3 1%680) Spv(T )]
2 —
'] [
0 | | | | | | | |
0 05 1 1.5 2 25 3 35 4
T[s]
max=3.136060 Spa(T,¢)[m/s/s]
B (0/390)
Spa(T.0)|
| | | | | —
0 0.5 1.5 2 25 35 4
T[s]
4 Sv(T,¢) i Spv(T,¢) [m/s]
SV(T,0)
3k Spv(T. Q)
2
A
0 | | | | | |
0 0.5 1.5 2 25 3.5 4
T[s]



w
I

]
I

—

Sa(T) i Spa(T) [m/s/s]

o

Sa(T,() i Spa(T,() [m/s/s]

Sa(T.¢)
Spa(T.¢)

o

0.5 1

Zahtevani period: T =1.00000
Sd(1.00)=0.04452
Sv(l1.00)=0.28854
Spv(l.00)=0.27976
Sa(l.00)=1.76498
Spa(l.00)=1.75775

1.5

T[s]

25

3.5




Primer 7. MDOF. Svojstvene vrednosti

Za zadati dinamicki model odrediti svojstvene vrednosti.
Mase mogu kretati samo u horizontalnom pravcu.
Podaci: E = 33 GPa, b/d = 30/100 cm, m; =40t, m, = 40
t,m3=30t,h1=4m,h2=3mih3=3m.

O ma:=30.0

h/3 = 3.0

() m2 ::40-0
h

2 = 3-0

Q e

h’l ::4.0

Staticki i dinamicki model

Napomena: analiza obuhvata vibracije u horizontalnom pravcu

Staticki model Dinamicki model
Stepeni slobode (pasivni): Stepeni slobode (bitni):
1,2,3 4,7i10

Stepeni slobode (aktivni):
4,5,6,7,8,9,10,11i12

11, 11, 10

—»
17 ’/_' 10 12 .,/— 10

SAP2000

30x100cm 30x100cm

r .
-

30x100cm



Matrica krutosti i matrica transformacije

Stap tipa k (funkcija za matricu krutosti i matricu transformacije)

[ 2 2
A-L 0 0 _A-L 0 0
I I
0 12 6-L 0 -12 6-L
2 2
kk(E,L,A,I%:iSI- AOL2 6-L 4-L AOL2 —6.L 2.L
— 0 0 0 0
I I
0 —-12 —6-L 0 12 —6-L
0 6.L 2.L° 0 —6-L 4-L”|
[ cos(a) sin(a) 0 0 0 0]
—sin(a) Cos(a) 0 0 0 0
0 0o 1 0 0 0
T =
k(a) 0 0 0 cos(a) sin(a) 0
0 0 0 —sin(a) cos(a) 0
0 0 0 0 0 1]
Stap 1
Li:=hy  T:=T,(90 deg) ki rxs:=Fkp(E,L;,A,I) ki crs=T1" ki s T
1 2 3 4 5 6
154687.5 0.0 —309375.0 —154687.5 0.0 —309375.0] [1]
0.0 2475000.0 0.0 0.0 —2475000.0 0.0 |2
I _[—309375.0 0.0 825000.0 309375.0 0.0 412500.0| |3
LGES ™| _154687.5 0.0 309375.0 154687.5 0.0 309375.0| |4
0.0 —2475000.0 0.0 0.0 2475000.0 0.0 |5
| —309375.0 0.0 412500.0 309375.0 0.0 825000.0] |6 ]

Vektor stepeni slobode Stapa:

s8;:=[123 4 5 6]

Stap 2

Ly:=h, Ty:= Tk(90 deg) ks risi=ky, <E,L2,A,I>
4 5 6 7

366666.7 0.0 —550000.0 —366666.7
0.0 3300000.0 0.0 0.0
. _| —550000.0 0.0 1100000.0 550000.0
2GKS™ _366666.7 0.0 550000.0 366666.7
0.0 —3300000.0 0.0 0.0
| —550000.0 0.0 550000.0 550000.0

Vektor stepeni slobode Stapa:

$5,:=[4 56 7 8 9]

T

k27GKS = T2T * k27LKS - T,

8 9

0.0 —550000.0 ]

—3300000.0
0.0

0.0
3300000.0

0.0
550000.0
550000.0

0.0

0.0 1100000.0 |

T

I@OO\]@OT»BI




Ly:=h; Ty:= Tk(90 deg) ks rrs=ky <EaL3aAaI> ks ars= T3T ks 1rgeTs
7 8 9 10 11 12
3300000.0 0.0 0.0 —3300000.0 0.0 0.0] 7
0.0 366666.7 550000.0 0.0 —366666.7 550000.0 8
k _ 0.0 550000.0 1100000.0 0.0 —550000.0 550000.0 9
3-LKS™1 _3300000.0 0.0 0.0 3300000.0 0.0 0.0 |10
0.0 —366666.7 —550000.0 0.0 366666.7 —550000.0 11
0.0 550000.0 550000.0 0.0 —550000.0 1100000.0| |12
T
Vektor stepeni slobode $tapa: 883:=[7 8 9 10 11 12]
Kondenzovana matrica krutosti
Pasivni stepeni slobode: 1,2i 3 Aktivni stepeni slobode: 4, 5,6,7,8,9,10, 11i 12
T
Bitni stepeni slobode: 4, 7 i 10 by:=[4 7 10]

T
Nebitni stepeni slobode: 5, 6, 8,9, 11i 12 ngs=[56 8 9 11 12]

881 kLGKS
NIZz4:=| SSg N2 =| ko ars
883 ks ks

Funkcija za formiranje matrice sistema povezanih Stapova (koristi brojeve stepeni slobode Stapova
i matrice krutosti Stapova)

K <m'z m’zmk,ssv,ssk> =K

ssp last (ssv) , last (ssk)
form € 0..last (nizss>

SSstap «—nizg,

forz € 0..last (SSstap)
for j € 0..last (ssv)
if SSstap =ssv

i j

for k € 0..last (SSstap)

forl €0..last (ssk:)

if SSstapk = sskl
MK +—mnaz

mk
m

K «K +MK
7,1 7l i,k

return K



Kbb :zK(m’zss,nizmk , g, bs> Kbn :zK(m'zss s MZpp 5 Og ns>

Knb:=K (m’zss s MAZp k> Mg s b5> Knn:=K <m’z85 s MUZ 5 Mg s ns>
4 7
521354.2 —366666.7
Kbb=|-366666.7 733333.3 366666 7
0.0 —366666.7 366666.7
5 6 8 9 11 12
0.0 —240625.0 0.0 —550000.0 0.0 0.0(] 4
Kbn=|0.0 550000.0 0.0 0.0 0.0 —550000.0 7
0.0 0.0 0.0 550000.0 0.0 550000.01 1|10
4 7 10
0.0 0.0 0.0] [ 5]
—240625.0 550000.0 0.0 6
Knb= 0.0 0.0 0,0 B if <Knb =Kbn" ,“OK”,“NO OK”> =4“QK”
—550000.0 0.0 550000.0 9
0.0 0.0 0.0 11
0.0 —550000.0 550000.0 | |12 |
5 6 8 9 11 12
5775000.0 0.0 —3300000.0 0.0 0.0 0.0][5]
0.0 1925000.0 0.0 550000.0 0.0 0.0 6
Knm— —3300000.0 0.0 6600000.0 0.0 —3300000.0 0.0 8
0.0 550000.0 0.0 2200000.0 0.0 550000.0 9
0.0 0.0 —3300000.0 0.0 3300000.0 0.0 11
0.0 0.0 0.0 550000.0 0.0 1100000.0| |12
4 7 10
360269.097 —265833.333 74861.111 4
Kc:=Kbb—Kbn-Knn '-Knb=|—-265833.333 293333.333 —110000.000 7
74861.111 —110000.000 48888.889 10
SAP2000 Zadato c2=1
4 - 5. 74861.1111
5 265833.3333 3
360269.097
? = 2 360269.0072 Kc=| —265833.333
| t——=" 74861.111
| A
b 4 169296.875 - '



Zadato c3=1

y 110000 4
; ! 8 -, 293333.3333
—265833.333
; 265833.3333 2 K= 293333.333
| s —110000.000
1
i : ~_ 82500
< >
Zadato c4=1
i 3 -, 48888.8889
2 110000 3
74861.111
; s wenany EEP={—110000.000
| | = 48888.889
| ' i
A
(4 s I
18750 . ]

Matrica mase

4 7 10
m; 0 0 40.0 0.0 0.0][ 4
Mc:=| 0 m, 0 |=| 0.0 40.0 0.0|]| 7

0 0 my 0.0 0.0 30.0] [10

KruZzne frekvencije i periodi svojstvenih vibracija

15846.65055 125.88348
Arge i=eigenvals (Mc™ . Kc) =| 2067.95045 Wrae =\ Arac =| 45.47472
55.08939 7.42222
.. [0.04991
T,i=— 2 =|0.13817
Wrac | (.84654
Tion 1= Trqe, = 0.84654 Tion 2= Tre, =0.13817 Tyon 3= Trae, = 004991
Komentar:
0.01815231 N 7.42222
Arac 2= eigenvals (Kc ™« Mc) =| 0.00048357 Wrae 1= =| 45.47472
0.00006310 Arac2 | 125.88348

5., [0-84654
Trge 2= =(0.13817
“rac2 | 0.04991




Frekventna jednacina - det(K - w® M)=0; det(M*-1*K - w” 1)=0; (KA - w? MA=0)

100 Karakteristicna determinanta
1,00 =1identity (3)=|0 1 0 kPoly (A;) :=det (Mc™ - Ke =X+ I,0)
001
Karakteristi¢ni polinom
simplify
float, 6 3 2 8 10
kPol, (A) ———— —1.0- X, +17969.7-),” —0.33757-10° - X, +0.180528 - 10

coeffs S T80558L 10" Koreni karakteristiénog polinoma (w?)

float,6 | _(p.33757.10") AP
koef, :=kPol, ()\1> i S N : skf, = \/polyroots <koef1> =| 45.47471
17916%-7 125.88352

Frekventna jednacina - det(DM - %I)=O; det(KA-1*M - %I)=O; (A-DMw? A=0)
w w

kPol, () :=det (Ke™" «Mc—X+1I,,,,)

stmplify
float ,6 7 ) 0
kPoly(A\) ———— —1.0-X” +0.018699-A* —0.00000995394 - A+ 0.553929 - 10~

. ey . 1
Koreni karakteristicnog polinoma (—2)

coeffs T 0.553929.107" 125 883525)17

float, 6 | _ 00000995394 1 '
koef,:=kPol,(\) —— =| 45.47473393
0-0118?)99 \/polyroots <koef2> 7.42222084

Oblici svojstvenih vibracija

—0.70651 0.63972 0.1884
A, .. :=eigenvecs <Mc_1-Kc> =| 0.64535 0.50467 0.49297
—0.29045 —0.57972 0.8494

Ton 1 0.18840] Ton 2: 0.63972] Ton3: 0.70651
Ao 1= A, =10.49297 | Aroe 0= A,V =] 0.50467 | Ayge 3= —A,0." =| —0.64535

0.84940 —0.57972 0.29045
Komentar:

—0.1884 —0.63972 —0.70651
eigenvecs (Kc ™'« Mc) =| —0.49297 —0.50467 0.64535
—0.8494  0.57972 —0.29045



Ortonormiranje svojstvenih oblika

1 [0.03290
Tonl M, 1:=A,q ; +Mc-A,, ,=32.78514 ¢pri=——eA,. 1=|0.08610
Mgen 1 | 0.14835
M,:=¢," -Mc-¢$,=1.00000
I 0.10569 |
Ton2 My, 3:=A,q 5 +Mc+A,,. ,=36.63930 Gyi=————rA,. o=| 0.08337
VM | _0.09577
M,y:=¢," - Mc-¢,=1.00000
1 0.11291 |
Ton3 Mg, 5:=Ayae 5 *MceA,, 3=39.15640 pgi=——e A, 3=|—0.10313
Mgen_3 | 004642

My:=p3" « Mc -+ ¢5=1.00000

SAP2000
Tion 1=0.847 Tyon »=0.138
° ,,=0.1483 — ¢, =0.0958
o ¢ &, =0.0861 o~ =—0.0834
¢ ®
¢1,=0.0329 —¢, =—0.1057
]
¢ d
Mode 1 0.032904
Mode 2 -0.105686
Mode 3 0.112906
QutputCase StepType StepNum Period Frequency CircFreq
Text Unitless Sec Cycisec rad/sec Mode 1 0.086096
Mode 1 0.846537 | 1.18128347... | 7.422222%6... Mode 2 -0.083374
MODAL Mode 2 0.138169 | 7.23752698... | 45.4747232... Mode 3 20103133
MODAL Mode 3 0.049913 | 20.0349781... | 125.883480... Mode 1 0.148346
Mode 2 0.095773
Mode 3 0.046416




Oblik vibracija prvog tona (K*Al = w,”> M*A1)

Usvoiji se jedna vrednost u vektoru

— —110000.0+ A3 ; +291129.7635- A, ; —265833.3333

1.0] [1.00000
y |=]2.61658
2 4.50846

Prethodno resenje:

1.00000

¢

«¢1=|2.61658
0 4.50846

1.0 | Komentar:
sistem (Ay 1,A3 )= (Kc — sk flo2 - M. c) |4y
ABJ

expand

float , 10
sistem <A2_1 ,A3_1> .

expand

float , 10
sistem (A 4 ,A3_1>2 ,———47236.21148- A3 , —110000.0- A, , + 74861.11111
;g[A2_1 =1 A3_1 =1
>
g
&
é sistem <A2_1 ,A3_l>1 = 0 sistem (A2_1 ,A3_1>2 = 0
g_
|
s [y] _[2.61658
5 [z] =find (4 1,44 1) = [4.50846]
Komentar:

Analognim postupkom se odreduju oblici vibracija i za ostale tonove

Svojstvene vrednosti. Matlab

Ebb =
521354.167 -366666.667
-366666.667 733333.333
0.000 -366EE6.667
Ebn =
0.000 -240€25.000
-0.000 S550000.000
0.000 0.000
Knb =
0.000 =0.000
-240625.000 S50000,000
-0.000 0.000
=550000.000 0.000
0.000 =0.000
0.000 -550000.000
Enn =
5775000.000 0.000
0.000 1%25000.000
=3300000.000 =0.000
0.000 £50000.000
Q0.000 0.000
0.000 0.000
Ko =

360269.097
-265833.333
74861.111

-265833.333
293333.333
-110000.000

0.000
-3EEEEE. €67
366EEE. 667
=0.000 -550000.000 0.
0.000 0.000 =0.
=0.000 250000.000 0.
0.000
0.000
-0.000
550000.000
0.000
550000.000
—3300000.000 0.000
—0.000 550000.000
6600000.000 0.000
0.000 2200000.000
-3300000.,000 -0.000
0.000 $50000.000
T74861.111

=110000.000

oo a0

uuuuuuu

Qoo 0.0
000 -530000.000
000 250000. 000
0.000
0.000
=3300000.000
=0.000
3300000.000
-0.000

0.000

0.000

0,000
550000.000
=-0.000
1100000.000



M= Modalna matrica iz

40.0 Q.0 0.0
0.0 40.0 0.0

A:

0.22181 1.00000 1.00000
0.0 0.0 30.0 5 .58037 0.78888 -0.91343

1.00000 -0.90620 0.41110

Modalna matrica ortonormirana
Fi =

0.03290 0.10569 0.11291
0.08610 0.08337 -0.10313
0.14835 =-0.09577 0.04642

Spektralna matrica
(kvadrati svojstvenih kruznih frekvencija) =

55.08939 0.00000 0.00000
0.00000 2067.95045 0.00000
0.00000 0.00000 15846.65055

Svojstvene kruzne frekvencije

omega =
7.492222 0.00000 0.00000
0.00000 45.47472 0.00000

0.00000 0.00000 125.88348
Svojstveni periodi wvibracija
T =

0.84€54 0.00000 0.00000
0.00000 0.13817 0.00000
0.00000 0.00000 0.04991

Ton 1 Ton 2
g% 0.1483 10 -0.095
9 = 9
8- 8
.L 0.086 71 0.08.
6 6
E sl E sl
e} E
al 0.0B2 JL 0.105
3= 3r
2~ 2|
1+ 1+
0 0.0000 | | o . 0.0000 |
-1 0 1 2 -1 0 1
Oblik vibracija Oblik vibracija

H[m]

[modalnaMatrica, spektralnaMatrica]=eig (Kc,Mc)

10.103

Ton 3
0.046

0.11

0.000

-1

0
Oblik vibracija



Frekventna jednacina - det (K-w"2M)=0; det (K-lambda*M)=0
Karakteristicni polinom:
8.62545e+8*%lambda*2 - 1.62034e+12*lambda - 48000.0*lambda”3 + 8.66536e+13
Koreni karakteristicnog polinoma
15846.65055
2067.95045
55.08939
Frekventna jednacina - det (DM-(1/w"2)I)=0; det (K"-1*M-(1/w"2)I)=0; det (K*-1*M-lambda*I)=0
Karakteristicni polinom:
0.0186989899*1ambda™2 - 0.00000995393939%94*1lambda - l1.0*lambda”3 + 0.0000000005539293764
Koreni karakteristicnog polinoma
0.0181523145
0.0004835706
0.0000631048

ITERATIVNI POSTUPAK
1
Dinami¢ka matrica: D,,;:=Kc ™' -Mc Pocetna pretpostavka:  Bj:=|2
4

Iteracije za prvi ton

0.01552 1 [1.00000]
Il_l ::DM‘B(): 0.04061 Alfl :-_—11710:0-01551515 B171 = ‘I171: 2.61719
0.07006 11, | 4.51562 |
[0.01817] T [1.00000]
I1_2 ::DM.B]__]_: 0.04755 )\1_2 :211_20:0.01817172 B1_2 = 'I1_2: 2.61666
0.08193 | 1.2, | 4.50873 |
[0.01815] 1 [1.00000]
I1_3 ::DM‘B1_2: 0.04750 )\1_3 ::I1_30:0-01815318 B1_3 = I 'I1_3: 2.61658
0.08184 | 1.3, | 4.50847 |
[0.01815] 1 [1.00000]
11_4 ::DM'B1_3: 0.04750 A1_4 :211_40:0.01815234 B1_4 = I '11_4: 2.61658
0.08184 | 1.4, | 4.50846 |
[0.01815] 1 [1.00000]
IlA5 ::DM'B1A4: 0.04750 )\1¥5 ::11750:0.01815232 B175 = I '1175: 2.61658
0.08184 | 1.5, | 4.50846 |
solve,, W1 iter
1 float , 6 7 49999 1.00000
=X, ok A,:=B; ;=|2.61658
wl_iter ) 4.50846
1.00000
Prethodno resenje: wmc_20:7.42222 ——-;=]2.61658
¢10 4.50846

10



Matrica brisanja prvog tona

A 1.2

orto_1:=A," -Mc- Ay 5 |=0

0 —2.616578723 —3.381344973

S;:=1]0 1
0 0

Modifikovana dinamicka matrica:

A3_2

Iteracije za drugi ton

Pocetna pretpostavka:

1271 ::DMJ : Boﬁ2 =

I2_2 ’:DM_l 2 32_1 =

I2_3 ‘:DM_l : Bz_z =

12_4 ‘:DM_l : 32_3 =

1275 = DMJ : 3274 =

1276 ::DMJ : B275 =

Iz_7 ‘:DM_l ° B2_6 =

0.00047 |

0.00039

| —0.00044 |

0.00050 |

0.00040

| —0.00045 |

0.00049 |

0.00038

| —0.00044 |

0.00048 |

0.00038

| —0.00044 |

0.00048 |

0.00038

| —0.00044 |

0.00048 |

0.00038

| —0.00044 |

0.00048 |

0.00038

| —0.00044 |

B0_2 =

solve, A, 5
float, 10

DM_l =Dy Sy

1
1

-1

A271 :212710 = 0-00046780

)\2_2 = 12_20 - 0.00049679

)\2_3 = I2_30 = 0-00048525

A2_4 :212_40 = 0-00048379

A275 ::I2750 = 0-00048360

A276 :212760 = 0-00048357

Xy =T, 7 =0.00048357

11

—3.381344973+ A, ,—2.616578723- A, ,

Al_2 = 0*A1_2 - 2.6166*A2_2 - 3.3813*A3_2
A2_2 = 0*A1_2 +
A3_2 = 0*A1_2 +

0*A3_2
1*A3_2

1.00000 |
0.84240
| —0.94761 |

1.00000 |
0.79568
| —0.91146 |

1.00000 |
0.78977
| —0.90689 |

1.00000 |
0.78900

| —0.90629 |

1.00000 |
0.78890
| —0.90621 |

1.00000 |
0.78889
| —0.90620 |

1.00000 |
0.78888

| —0.90620 |



solve y Wa_iter

1 float 8 —45.474701 15000
=)y, Ay:=B,y »=| 0.7889
45.474701 T
Wa_iter —0.9062
1 1.00000
Prethodno resenje: Wrae 2, = 45.47472 —-py=| 0.78888
¢20 —0.90620
Matrica brisanja prvog i drugog tona
o Ay float , 8
OTtO_l ::Al 'MC . A2_3 - 0 _— 135-2538 'A3_3 + 104-66315 ‘A2_3 +40.0 'A1_3 - 0-0
| A3 3
o Ay float, 8
O’I"tO_2 ::A2 'MC . A2_3 - 0 _— —27. 186042 ‘A3_3 + 31-555399 'A2_3 + 40.0 'A1_3 = O-O
| As 3
solve A, 3
float,8
A_1.3(A, 5,A; 3)=orto_ 1 —————— —3.381345-A; ;—2.6165788 - A4, 4
- A3 <A273 ’A373> float, 8
A2 'MC' A273 =O _— _162.43984'A3_3_73.107753'A2_3=0.0
Az 3
solve , A, 5
- 4113 <A2_3 ’A3_3> float,8
A2 3(A5)=A," -Mc- Ay g =0 ——— —2.2219236- A, ,
As 3
float, 8

A_1.3(A 2 3(Ay,),A; 3) —— 2.4324932- 4, 4
0 0 2.43249319 Al_3 = 0*A1_3 + 0*A2_3 + 2.4325*A3_3
S,:=|0 0 —2.2219236 A2_3 = 0*A1 3 + 0*A2_3 - 2.2219 *A3 3
00 1 A3_3 =0*A1_3 + 0*A2_3 + 1*A3_3

Modifikovana dinamicka matrica: D, ,:=D,,-S,

1
Iteracije za tredi ton Pocetna pretpostavka: B 3:=| —1
0.5
0.00008 | T [ 1.00000 ]
I3 1:=Dy; 5+ By 3=|—0.00007 A3 1:=13 4 =0.00007675  Bj = I3 ,=|-0.91343
0.00003 | 31y | 0.41110
0.00006 | 1 [ 1.00000 ]
I3 5:=Dy; 5+ B3 1=|—0.00006 Ay pi=1I3 5 =0.00006311 B3_2::I I3 ,=|-0.91343
0.00003 | 3.2, | 0.41110

12




0.00006

1—373 = DM72 L) B372 = —0.00006 A373 :213730 = 0-00006311 B373 = I

0.00003
solve ,ws jior

1 float 8 [—125.88309]

=)
Wy iren” = 125.88309

Prethodno resenje: Wrac_2,= 125.88348

Komentar:

1

3.3,

1.0000

A3:2B3_3: —0.9134
0.4111

1 1.00000
——¢p3=|—-0.91343
¢30 0.41110

1.00000

-I; ;=|—0.91343

0.41110

Ako bi koristili, umesto dinamicke matrice, matricu M”-1*K prvo bi dobili svojstvene vrednosti

za tredi ton, pa za drugi i na kraju za prvi ton.

13
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Primer 8. MDOF. Harmonijska sila. Numericka integracija

Za zadati dinamicki model odrediti ekstremne vrednosti horizontalnih pomeranja
koncentrisanih masa i ekstremne vrednosti momenata savijanja usled
harmonijskih sila. ReSenje odrediti primenom modalne analize i direktne
numericke integracije. Kretanje masa samo u horizontalnom pravcu. Homogeni

pocetni uslovi.
O my =30 Podaci:
h

- E=33 GPa, b/d =30/100 cm
3=3 -m=40t, m;=40t, m;=30t
F{t)_F ( t) _hl=4m,h2=3m,h3=3m
2 Dle%() m., =40 - relativno prigusenje za prva dva tona 5%
- For=10kN, p; =7,5rad/s
hy=3 - Fo, =10 kN, p, = 7,5 rad/s
F1(t)=Fossin(p;t)
. m, =40 ¢,:=0.05 ¢,:=0.05
h, =4

Matrica prigusenja

. Tton_l 3 Cl - Tton_2 9 C2
2

2
Tton_l - Tton_2

=0.6381

ag:=4-m

_ i J TtonJ * Ttonj 4 <Tton71 * C2 T Ttonj * Cl)

ay:= ! . =0.0019
w TtonJ - Tton72

706.600 —502.549 141.523
C:=ay-Mc+a,-Kc=|-502.549 580.060 —207.952
141.523 —207.952 111.565



Direktna numericka integracija (Matlab)

Stepen slobode 1 - ukupni odgovor - pomeranje

Numericka integracija - Matlab

T T
\ \F

L/

13 132 135 138 14, 142 145 148 15 152

(1516 , -3.242E-03 )

5 u1(t) - NEWMARK (a=const)
o max=0.006869 ut(t)y
(19.71P)
0.005
E
s o0
-0.005 g Min=-0.006869
(20.132)
oot \ \ \ \ |
0 5 10 15 20 25
t[s]
DOF = 1
SAP2000 u-max = 0.006869 wu-min = -0.006869
E Display Plot Function Traces (DI-Ukupno) x
Eile
<10 -3 TIME
1.5
R ! l
6.
45] R
1l
)
1.5 ” s
A 5
0. H s
157 11
237 ¥
45 |
-6 ' | | (21.52,6.102E-03 )
IIII|IIII|IIII|IIII|IIII|IIII|IIII|IIII|IIII|IIII
2.5 S 75 100 125 15 175 200 225 25
Ukupni odgovor izmedu 13-te i 15-te s
! E Display Plet Function Traces (DI-Ukupno) >
Eile
x10 -3 TIME Legend
1.9 |



Stepen slobode 2 - ukupni odgovor - pomeranje

Numericka integracija - Matlab

0.02

u2(t)[m]
°
o 4

=4
2

u2(t) - NEWMARK (a=const)

,Max=0.018005
(19.714)

min=-.018005

=4
9
N}

SAP2000

B Display Plot Function Traces (DI-Ukupno)

Eile

%10 -3 TIME

20,

t[s]

Legend

|EW| Joint 3

Displacement UX

Min is -1.799g-02

o1

0.018005

175 200 225 25

23 S5 F5 100 125 15

Ukupni odgovor izmedu 13-te i 15-te s

! B Display Plot Function Traces (DI-Ukupno)

Eile

| w03 TIME
20.

Legend

FA Joint 3

‘f’ Displacement UX

/ )‘l Mini is -1.796e-02

at 1.427

Y6a0

at 1.468e+01

L/ \

/

\ \

/

L/

13, 132 135 138 14, 142 145 148 15 152

€ )
20

u-min

-0.018005



Stepen slobode 3 - ukupni odgovor - pomeranje

Numericka integracija - Matlab

u3(t) - NEWMARK (a=const)
0.04

, Max=0.031065

(19.71H)

u3(t)[m]
o
o S

o
Q
S

i min=-0.031065
| | | | (20.134) |

=4
o
R

0 5 10 15 20 25
tls]

SAP2000 u-max = 0.031065 wu-min = -0.031065

! B Display Plot Function Traces (DI-Ukupnc) >

File

x10 2 TIME Legend
48,

[ 40,

32,

L |

at 1.972e+M

24, n

. 16, “
l
f

¥ 4n

. I
“inl
"1l
| |

-16.

-24. L] | |

N R R N R N R R R R NN NN R
2.5| 5_| ?.| | | | | I |

10. 125 15 175 20, 225 25

Ukupni odgovor izmedu 13-te i 15-te s

| E Display Plot Function Traces (DI-Ukupno) X |
File
| x10 -3 TIME Legend
i |
| Joint 4
i Displacement LIX

az. \\ ,/\\ ;/\ i:”l l % fialis
2t )
| B' \ f ,/ ‘\l al 1.455e+01

. L \
. AN R
. / § [ \

o \ U AL |
\ / |

13, 132 135 138 14, 142 145 148 15 152

¥ in




Dijagram M - ukupni odgovor

SAP2000 - direktna numericka integracija Numericka integracija - Matlab
Extremi dijagrama M

U nivou ukljestenja

Mu max=847.82187430
Mo min=-847.82146838

2 -429.4481 U nivou prve mase

'4‘\

I ‘\\\ M ml max=4219.893361828
M ml min=-425.53347293

;1 €i§g157 ™ U nivou druge mase

M m2 max=157.81160361
M m2 min=-157.81048970

Modalna analiza (Matlab - numericka integracija)

Mz = Kc =
40.0 0.0 0.0 360269.097 -265833.333 74861.111
0.0 40.0 0.0 -265833.333 253333.333 -110000.000
0.0 0.0 30.0 T74861.111 -110000.000 4838385.88%9
ald = Modalna matrica racunska iz eig
0.6381 A =
0.22181 1.00000 1.00000
al = 0.58037 0.78888 -0.91343
0.0018 1.00000 -0.50620 0.41110
Modalna matrica ortonormirana
Cc = al*M + al*K = Fi =
T06.600 -502.54%9 141.523 0.03290 0.10569 0.11291
-502.544%9 580.080 -207.852 0.08610 0.08337 -0.10313
141.523 —207.852 111.565 0.14835 -0.09577 0.04642

Spektralna matrica
(kvadrati svojstwvenih krufZnih frekvencija)

55.08535 0.00000 0.00000
0.00000 2067.55045 0.00000
0.00000 0.00000 15846.65055

Svojstvene krufne frekvenciije

T7.4223232 0.00000 0.00000

0.00000 45.47472 0.00000

0.00000 0.00000 125.88348

Svojstveni periodi wvibracija
0.84654 0.00000 O©.00000
0.00000 0.13817 0.00000
0.00000 0.00000 0.04991



Parametri modalne jednacine: Parametri modalne jednacine:

Wl = T7.422 rad/s: Tl = 0.847 =8 W2 = 45.475 radfs: T2 = 0.138 =

Ortonormiran oblik wvibracija Ortonormiran oblik vibracija

0.032504 0.1056%9
0.086056 0.083374
0.14835 -0.093773

M gen = 1.000 M gen = 1.000

C gen = 0.742 C gen = 4.547
K gen = 55.089 K gen = 2067.5950

ceta = 0.050 ceta = 0.050

Parametri modalne jednacine: Extremi pomeranja
w3 = 125.883 rad/s: T3 = 0.050 = OF = 1

u-max = 0.006869 wu-min = -0.00686%59

Ortonormiran oblik vibracija DOF = 2

0.11291 u-max = 0,.018005 w-min = -0.018005
-0.10313 DOF = 3
0.046416 u-max = 0.031065 wu-min = -0.031065

M gen = 1.000
C_gen 30.5%9¢6

K gen = 15846.651
ceta = 0.122

Udeo u ukupnom odgovoru po tonovima

Stepen slobode kretanja 1 - ul

u1(t) - po tonovima - NEWMARK (a=const)

max=0.006887

S A AN AN AR RAN AN B
ATV TV VYUV L

0 5

ul(t)im]

25
t[s]

max=0.006887 ul-TH1(t)
(19.71 ul-T2(t)
ul-T3it)

min=-§.006887
(20.134)

20 25



Stepen slobode kretanja 2 - u2

u2(t) - po tonovima - NEWMARK (a=const)
u2-T1(t)

AT =2
TV

0 5
t[s]

max=0.018019

(19.71 u2-T1(t)
u2-T2(t)
u2-T3(t)

0.02

0.01

(g xri BORORGOT:
08 6y

u2(t)[m]

-0.01
25

-0.02

018019 |
{20134
20 2
Stepen slobode kretanja 3 - u3
u3(t) - po tonovima - NEWMARK (a=const)
max=0.031048 u3-TA(t)
(19.71 u3-T2(t)
u3-T3(t)
min=-§.031048
| (20.134) |
25

20



Ukupni odgovor

u(t)[m] - ukupno

u(t) - ukupno - NEWMARK (a=const)

Ul (t)-ukupno
u2(t)-ukupno
u3(t)-ukupno

max=0.031065
(19.71

max=p.
19.714)

18005

2]

i

20.152)

min=10.018005
(20.133)

o

min=-&.031 065

(20.134)

004 | |
0

SAP2000 (ukupni odgovor)

Stepen slobode 1

| B Display Plot Function Traces (MA-Ukupno)
Eile

TIME Legend

t[s]

Stepen slobode 2

|
X | [ Display Plot Function Traces (MA-Ukupno)

| Eile

%10 3 TIME

at 1.971e+01

I il

20 25|

Legend

20,

-12 u |

6. | |

125 150 17% 200 225 25,

16 T

Stepen slobode 3

E Display Plot Function Traces (MA-Ukupno)
Eile

TIME Legend

x10 3

i

i

125 15 175 200 225 25

48,

40

® if LULEL
24, ,| |

¥in

i 'U'II‘UUUUI |

10, 125 15 175 200 225 25,




SAP2000

Dijagram M Dijagram M
ukupni odgovor ustaljeni odgovor
4
IK
A57.623
0—\\

2 -429.4543

L

y

. Y
1 -846.9326 . ; -846.8078
— A ‘ — Ny

Numericka integracija - Matlab
Dijagram M
ukupni odgovor

Extremi dijagrama M

U nivou ukljestenja
Mu max=84T7.82187429
Mu min=-847.8521465836

U nivou prve mase
M ml max=429.93361828
M ml min=-429.93347292

U nivou druge mase
M m2 max=15T7.81160361
M m2 min=-157.81048970
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Primer 9. MDOF. Vremenska analiza odgovora. Akcelerogram

Za zadati dinamicki model odrediti ekstremne vrednosti horizontalnih pomeranja
koncentrisanih masa i ekstremne vrednosti momenata savijanja usled prinudnog
pomeranja osnove zadatog preko akcelerograma (txt datoteka priloZzena uz
primer). ReSenje odrediti primenom modalne analize i direktne numericke
integracije. Kretanje masa samo u horizontalnom pravcu. Homogeni pocetni
uslovi. Karakteristike akcelerograma: interval zapisa 0.001 s i trajanje 20.0 s.

O ms=30 Podaci:
-E=33GPa, b/d=30/100 cm

ho—3 -m1=40t,m2=40t,m3=30t
= -h1=4m,h2=3m,h3=3m
() my=40 - relativno prigusenje za prva dva tona 5%
h,=3 ¢,=0.05 ¢,:=0.05
() my =40
hl :4

Matrica prigusenja

. Tton_l " Cl - Tton_2 9 CQ
2

2
TtonJ - Ttonj

=0.6381

ag:=4-7

_ i J TtonJ * Ttonj “ <Tton71 * CQ T Ttonj * Cl)

a;:= 5 = =0.0019
71' Tton_l - Tton_2

706.600 —502.549 141.523
C:=ay-Mc+a,-Kc=|-502.549 580.060 —207.952
141.523 —207.952 111.565



Akcelerogram

rogram
o T
oo

ag[m/s/s]

06—
o8l
imin=-0.974918
P | | \ iy | | | | \ |
0 2 4 6 8 10 12 14 16 18 20
tis]
{4 Efektivne sile zemljotresa - o x
File Edit View Inset Jools Desktop Window Help
Negdse (@08 xE
FA(t)
o (®
Fi(t)
ol
z
=
oo
T
20 —
s | I | | | | | | | J
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t[s]
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40—
ol
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t[s]
F3(t)
o
)
20—
.
z
=
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=
£
S
20—
e I 1 I | I I I I | J
t[s]



Direktna numericka integracija (Matlab)

Mc = Ec =
40.0 0.0 0.0 360269.097 -265833.333
0.0 40.0 0.0 -265833.333 2683333.333
0.0 0.0 30.0 74861.111 -110000.000
ald =

0.6381
al =

0.0015

Cc = a0*M + al*K =

T06.600 -502.549 141.523
-502.549 580.060 -207.952
141.523 -207.552 111.565

Stepen slobode 1

Numericka integracija - Matlab

T74861.
-110000.

f=y=Y=y=]
(aFayale]

ul-rel(t) - NEWMARK (a=const)

~ Max=0.009189

111
000

. 8859

"\(10.695)
E
‘;—0.005
| | | | R 'min=-0.009303 | | | |
-0010 2 4 6 8 10 o228 12 14 16 18 20
t[s]
SAP2000 st
u-max = 0.008185% wu-min = -0.005303
B Display Plot Function Traces (DI-Ake) x
Eile
xin -2 TIME Legend
10. §
y 3 | foint 2
- Displacement LI
, N
] Win s =9 303e<03
4, ' 3t 1.023e+01
Ll | (R
{ at 1.070e+01

—

L
1 AlUtl
ﬂ._ulluU ]

—_—

: I dINEAIRR
_4,j "J[ T !
_g; |||

2. 4, 6. a 10 12 14 16 18

20.




Stepen slobode 2

Numericka integracija - Matlab

u2-rel(t) - NEWMARK (a=const)

003
002

001

s o

e

S 001

SAP2000 i e
u-max = 0.024086 wu-min = -0.02423%
E3 Display Plot Function Traces (DI-Akd) *
Eile
%10 -3 TIME Legend
25,
20 r Iaint 3
g Displacement LIX
ik P! 1
| || . J‘l Min is -2.4 'tlrt 02
10. 01

10%e-02
at 1.06592+01

I Iy [
A

|
e BN
| |

| ! |
AN (Wl AN IR
Il 1 ERITE S
0. [ LA u
-15. i
-20. I | (19.3, 2.479E-02 )
il e g el a2 el e e! 20, ok




Stepen slobode 3

Numericka integracija - Matlab

u3-rel(t) - NEWMARK (a=const)

0.05

o

u3-rel(t)[m]

-0.05
0 2 4 6 8 10 12

SAP2000

B Display Plot Function Traces (DI-Akc)

File

02 TIME
50.

40,

30. W ﬂf ﬁ

20.

10. i H
L I h U1

Fin

——T"

-10.

=20. V u“
-30. ' l

= ==
_—
]

-40.

2, 4, a. 4 10 12 14 16 18 20

Dijagram M

Legend

Joint 4
Displacement L1X

Min s -4, 166e-02
at 1.024e+01
Max is 4 165e-02
at 1.068e+01

SAP2000 Numericka integracija - Matlab

Extremi dijagrama M

U nivou ukljestenja
Mu max=1138.0T7671054
Mu min=-1159.835982298

U nivou prve mase
M ml max=588.41507054
M ml min=-568.83458210

U nivou druge mase
M m2 max=2259.31867536
-1159.8254 M m? min=-236.55518561



Modalna analiza (Matlab)

Mc = Modalna matrica racunska iz eig
40.0 0.0 0.0 A=
0.0 40.0 0.0 0.22181 1.00000 1.00000
0.0 0.0 30.0 0.58037 0.78888 -0.91343
1.00000 -0.90620 0.41110
Ko = Modalna matrica ortonormirana
360269.097 -265833.333 74661113 [T
“265633.333 293333.333 “dlgopo.ggo [3:03280  DCA0565:  0-1128]
74861.111 -110000.000 gagp.ugo (D-UBSLO]  BLDBARFE =A1l3d3
0.14835 -0.09577 0.04642
o Spektralna matrica
o _0 . (kvadrati svojstvenih kruZnih frekvencija)
55.08939 0.00000 0.00000
_ 0.00000 2067.95045 0.00000
al = . 0.00000 0.00000 15846.65055
BEsi Svojstvene kruine frekvencije
b e 7.42222 0.00000 0.00000
g h _ 0.00000  45.47472 0.00000
RLa0l  cabecald 1ileaad 0.00000 0.00000 125.88348

-502.549 580.060 -207.952

Tstiiie e . Iy Svojstveni periodi vibracija
2 - 7.9 2

0.84654 0.00000 0.00000
0.00000 0.13817 0.00000
0.00000 0.00000 0.04551

Parametri modalne jednacine: Parametri modalne jednacine:
Wl = "7.422 radfs: Tl ==0:84%7 3 W2 = 45.475 radfs: T2 = 0.138 s

Ortonormiran oblik wvibracija Ortonormiran oblik wvibracija

0.032504
0.086056
0.14835

M gen = 1.000

0.1056%5
0.083374
-0.085773

M gen = 1.000

C gen = 0.742 C_gen = 4.547
K gen = 55.08%8 K gen 2067 .850
ceta = 0.050 ceta = 0.050

Parametri modalne jednacine:
w3 = 125.883 rad/s: T3 = 0.050 =

Crtonormiran oblik vibracija
0.11281
-0.10313
0.046416

M gen = 1.000

C gen = 30.5%6

K gen = 15846.651
ceta = 0.122



Udeo u ukupnom odgovoru po tonovima

u1-rel(t) - po tonovima -

Uv\/v\/vv\/\/\/\/
. \ \ \ \ L8 L = P - .

tis]

ut-rel-T1{t)
ui-rel-T2(t)
ui-rel-T3 [t}

\AAAA
VAVAEVAY

14 16 18 20

u2-rel(t) - po tonovima - NEWMARK (a=cons
max=0.024132

f\ A A o8
\/vvvvv\/vvv

8 10 12 14 16 18 20

uZ-rel-T1{t}
uZ-rel-T2(t}

Aan AN AA
VY

14 16 18 20



D
>
>
>
=
>

0.05 —

u3-rel(t) - po tonovima - NEWMARK (a=const)
max=0.041580

u3-rel-T1(t)

u3-rel-T3(t)

005 | | | I | ~(10235)

#ﬂﬂAAAAAAAAﬁi

2 4 6 8 10 1

VAVAVAVRVAVAVEVAY

14 16 18 20

ud-rel=T1(t)
ud-rel=T2(t)
ud-rel-T3(t)

u-rel(t)[m] - ukupno

u-rel(t) - ukupno - NEWMARK (a=const)

max=0.041649
004 [— (10.681))

10.68

ihax=(

ﬂ 0.69p)

min=-0.041661
(10.236)

ut-rel{tFukupno
uZ-rel{tFukupno
ud-reltFukupno

58 \ \ \ \ \ \
0



Stepen slobode 1

SAP2000 (ukupni odgovor)
B Display Plot Function Traces (MA-Akc)
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SAP2000

Dijagram M - direktna integracija Dijagram M - modalna analiza

* *

236.551 -236.498
¥ —
568.8260, 568.7888,

L ] s + 3

1 1

| |

-1159.8254 -1159.7903
[ = y & £

Modalna analiza
Numericka integracija
Matlab

Extremi dijagrama M

U nivou ukljestenja
HMu max=1138.07671055
HMu min=-1159.83982297

U nivou prve mase
H ml max=588.41507054
H ml min=-568.83458210

U nivou druge mase

H m? max=22%.31867536
M m? min=-236.55518561

10
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Primer 10. MDOF. Spektralna analiza odgovora

Podaci: £ = 33 GPa, b/d =30/100 cm, my=40t, m,=40t, mz = 30 t, referentno
maksimalno ubrzanje tla u horizontalnom pravcu « ; = 0,1g, faktor ponasanja g =
1.5, tip tla C, tip elasti¢nog odgovora 1, faktor znacaja v,=1.0, relativno
prigusenje 5%. Pri analizi ¢e se koristiti homogene karakteristike poprecnih
preseka

O R Elasticni i projektni spektar odgovora za horizontalan pravac

Projektno maksimalno ubrzanje tla u horizontalnom pravcu

v7:=1.0 agr=0.1-9.81=0.981 ="+ ayr=0.981
m2:40
<> Tip 1 elasticnog odgovora  parametri_tip_1 (tipTla):= | if tipTla=“A”"
”[1.00 0.15 0.4 2.0]
h,=3 tipTla:=“C” ¢q=1.5 n:=1 (:=0.2 if tipTla=“B”
[11:20 0.15 0.5 2.0]
() niz:=parametri_tip_1 (tipTla):[1.15 0.2 0.6 2] ithipTla=“C”
m; =40 [1.15 0.20 0.6 2.0]
Ss::m’zo 0:1.15 Tb ::m’z0 1:0.2 if tipTla=“D”
’ ’ [1135 020 08 2.0]
Tc:=niz =0.6 Td:=niz =2 if tipTla=“E”
0,2 0,3
h,=4 H[1.40 0.15 0.5 2.0]

Se (Tipn) = || Sea — 0.0 Sd (T1pn 5 q) = || Sda 0.0
if 0<T,,, <Tb if 0<T,,,<Th
T 2 T 25 2
Sea«—a,-Ss+|1+ ton-(n-2.5—1) Sda «—ay-Ss+|—+ | o e
Tb 3 Tb (qg 3
if Tb<T,,,<Tc it Tb<T,,,<Tc
e Sseme2. 2.
Sea«—ag-Ss+n-2.5 Sda— ay-Ss- 5
if Te<Ty,,<Td q
Te if Te<Ty,,<Td
Sea«—ag+Ss-m-2.5.
25 Tc
ton Sda«—ag+Sse——-
if Td<T,,,<4.0 q T
Te.Td if Td<T,,,
Sea+agy+Ss-m-2.5- c ! 95 Te-Td
ton Sdahaq.ss.;. i
A 7 q T 2
if 4‘0<Tton ton
Te-Td if Sda<ﬂ-ag
Sea«—ag+Ss-mn-2.5. Sda—f-a
ton 9
return Sea return Sda




Projektno spektralno ubrzanje

B-a,=0.196 Ton 1

Ton3  Sd3:=Sd (T, 3,q)=1.034

Sd1:=8d (T}, 1,9)=1.333

Ton 2

8d2:=8d (T} »,q) =1.531

Tpocetak: =0.0 Tkorak :=0.01 Tkraj =6.0 T:= Tpocetak ’ Tk:orak - Tk:ru,j
A
3.05+
2.80
2.55+
2.30+
2.051 Se (T)
1.80 Sd (T,q)
1.55+1
Sdl
1.30 | |
1.05 Sd2
i
0.80
Sd3
0.55 o !
0.30
0.05
0.00 0.60 1.20 1.80 2.40 3.00 3.60 4.20 4.80 5.40 6.00 .
T T Tto’rLl Tton72 Tt0n73
SAP2000
B Response Spectrum EuroCode 8 - 2004 Function Definition X

Function Damping Ratio

Function Name EN1588-1 0.05
Parameters Define Function
Country CEN Default o Period Acceleration
Direction Horizontal b -
0. 00767
Horizontal Ground Accel, aglg 0.1 0.0667 0115
0.1333 0.1533
Shsciimhype L = 0.2 0.1817 Dele
0.6 01917
EILUREL L = 0.8333 0.138
Soil Factor, 5 | 1.15 1.0667 01078
1.3 0.0885%
AL n Ratio, Avg/ag |
Spectrum Period, Tb [02 Function Graph StepType StepNum Period DampRatio U1Acc
SpectrunBeri TG [06 | Text Unitless Sec Unitless misec2
1 1}
Spectrum Period, Td |2- - Mode 0.846537 0.05 1.33702
Lower Bound Factor, Beta [0z
Mode 0.138169 0.05 1.53148
Behavior Factor, g 15
\ Mode 0.049913 0.05 1.03365
\\
=
Convert to User Defined Display Graph
Cancel




Vektor uticajnih koeficijenata, faktor "participacije", vektor prostorne
raspodele sila, doprinos n-tog tona vektoru s

T T T
«Mc-1 «Mc-1 -Mc-
r=fMel ga10 b Ml 6so rfs Mol aeg
40.0
Vektor prostorne raspodele sila: s:=Mec-1=|40.0
30.0
Doprinos n-tog tona vektoru s:
T T T
.S *S *S
Iy, =15 9010 Tyyi= 2 "5 _ 4689 Tyyi= 3 5 ) 73
Ml 2 M3
12.122 19.823 8.054
81::F11'MC'¢1: 31.719 32::F22'MC'¢2: 15.638 83::F33'MC'¢3: —7.357
40.990 —13.473 2.483
Efektivha masa
Ukupna masa dinamickog modela: Mukupno :=|| suma <0 =110.0
for i € 0..last (Mc")
suma < suma+Mc
return suma
Efektivna masa za T1:
L1® Mef 1
L1:=¢," +Mc-1=9.210 Mef_1:= =84.83 _Mef 1l o
M, Mukupno
Efektivna masa za T2:
L2° Mef 2
L2:=¢," +Mc-1=4.689 Mef 2:= =21.99 L:oaoo
M, Mukupno
Efektivna masa za T3:
L3? Mef 3
L3:=¢;" -Mc-1=1.783 Mef 3:=22_=3.18 _Mef 3 4 029
M, Mukupno
Msum_ef
My, opi=Mef_1+Mef_2+Mef 3=110.0 Y —1.000
- Mukupno
SAP2000
StepType StepNum Period ux uy uz Sumux
Text Unitless Sec | Unitless | Unitless Unitless Unitless
Mode 1 0.846537 0.77119 0 0 0.77119

Mode 2| 0128169 0.1999 | 0 0 0.97109

Mode 3 0.049913 0.02891 0 0 1




Projektne seizmicke sile

16.155 30.359
Ton 1: Sl 2:F1'MC°¢1°Sd1: 42.271 Ton 2: 822:F2°MC°¢2°S(12: 23.950
54.625 —20.633
16.155 30.359
s,+8d1=|42.271 s,-58d2=| 23.950
54.625 —20.633
8.325 8.325
Ton 3: S3:=I3:Mc+¢5:Sd3=|—-7.605 83+8d3=|-7.605
2.567 2.567

Dijagram momenata savijanja (SRSS pravilo)

Ton 1

16.15 M 3 1:=0.00
S1=|42.27

54.63

M 21 ::Sl2 +h;=163.88

M_1.1:=851 +(hy+hg)+51 +hy=454.56

S1 =54.63
S
h3:3.0
> S1 =42.27
h,=3.0 M1 [kNm]

— 510: 16.15

h,=4.0

M_0_1:=51 «(hy+hy+hg) +51 « (hy+hy) +81 +hy=906.77

Ton 2
30.36 M _ 3 2:=0.00
S2=| 23.95
—20.63

M 2 2 ::S22 «h;=—61.90

M_1_2:=852 +(hy+hg)+52 +h,=-51.95

522:—20.63
h3 = 3-0
521223.95

—

,=3.0 M2 [kNm]

> S20: 30.36

h,=4.0

M_0_2:=52 «(hy+hy+hs) +52 « (hy+hy) +52 Iy =82.75 f—m



Ton 3

—»

8.33 M_3_3:=0.00 S3 =2.57
S3=|-7.60 hy=3.0
2.57
M_2.3:=S3 +hy=7.70 | S§3 =—7.60

h,=3.0 M3 [kNm]

M_1.3:=83 +(hy+hg)+83 +hy=—-7.41  H—» S3 =8.33

h,=4.0

M_0_3:=S3 - (hy+hy+ hy) +853 - (hy+ hy) +83 <hy=5.74 =

Ukupni dijagram M (SRSS pravilo)

VM_3_12 +M_3_2% + M_3_3% =0.00

VM_ 212 +M_2_2% + M_2_3% =175.35

Mukupno [kNm]

VM 112 +M_1_2% + M_1_3% =457.58

VM_0_12 +M_0_2% + M_0_3% =910.55

SAP2000

175.8472
*—\

-459.0597 \




Relativno horizontalno pomeranje u nivou masa (SRSS pravilo)

Napomena: Ty, 1=0.847 > Tc=0.600
Sd1 [0.01100 [0.01100
ul:=I ;- —+q=|0.02877 Kc™'+s,-8d1-q=|0.02877
Wrac, | 0.04958 | 0.04958
S42 0.00055 | [ 0.00055 ]
u2:=Tye ¢y ———-q=| 0.00043 Kc ™' +5,+8d2-q=| 0.00043
“rac, | —0.00050 | | —0.00050 |
Sd3 0.00002 | [ 0.00002]
u3 =I5y —+q=|-0.00002 Kc™'+55-8d3-q=|—0.00002
“rac, | 0.00001 | | 0.00001 |
\/(ul ) +(u2 ) +<u3 )
0 0 0
0.01101
e \/(u11)2 + (U21)2 + (u31)2 =10.02878 u =0.049581
0.04958
\/(ul ) +(u2 ) +(u3 )
- 2 2
SAP2000 u =0.028777
Joint OutputCase | CaseType StepType U1
Text Text Text m
_ qQ'RS Combination Max 0 u [m]
1 g'RS Combination Min 0 uw =0.011011
2 QRS Combination Max 0.011047 0
2 g*RS Combination Min -0.011047
3 q'RS Combination Max 0.028871
3 q*RS Combination Min -0.028871
4 q*RS Combination Max 0.049743
4 q'RS Combination Min -0.049743
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